
Optical flow

Many slides adapted from S. Seitz, R. Szeliski, M. Pollefeys



Outline
• Motion: motivation
• Brightness constancy constraint, aperture problem
• Estimating optical flow
• Beyond basic flow estimation
• Applications



Motion is a powerful perceptual cue
• Sometimes, it is the only cue
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Motion is a powerful perceptual cue
• Even “impoverished” motion data can evoke a strong percept 

G. Johansson. Visual Perception of Biological Motion and a Model For Its Analysis. 
Perception and Psychophysics 14, 201-211, 1973.



Optical flow
• Optical flow is the apparent motion of brightness patterns in 

the image
• Can be caused by camera motion, object motion, or changes of 

lighting in the scene

Image source Image source

https://arijitkar98.github.io/2018/05/28/weeks-1-and-2.html
https://help.commonvisionblox.com/OpticalFlow/introduction.htm


Uses of optical flow in computer vision
• Video analysis and enhancement (stabilization, shot 

boundary detection, motion magnification, etc.)
• Object tracking and segmentation in videos
• Structure from motion, stereo matching
• Event and activity recognition
• Self-supervised and predictive learning

Source: Walker et al.

Source: Tomasi & Kanade

http://arxiv.org/pdf/1606.07873.pdf
http://users.eecs.northwestern.edu/~yingwu/teaching/EECS432/Reading/Tomasi_TR92.pdf
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Estimating optical flow

• Given frames at times 𝑡 − 1 and 𝑡, estimate the apparent 
motion field 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) between them

• Brightness constancy constraint: projection of the same 
point looks the same in every frame

𝐼 𝑥, 𝑦, 𝑡 − 1 = 𝐼 𝑥 + 𝑢 𝑥, 𝑦 , 𝑦 + 𝑣 𝑥, 𝑦 , 𝑡

• Additional assumptions:
• Small motion: points do not move very far
• Spatial coherence: points move like their neighbors

𝐼(𝑥, 𝑦, 𝑡 − 1) 𝐼(𝑥 + 𝑢, 𝑦 + 𝑣, 𝑡)

𝑡 − 1 𝑡



Estimating optical flow
• Brightness constancy constraint: 

𝐼 𝑥, 𝑦, 𝑡 − 1 = 𝐼(𝑥 + 𝑢 𝑥, 𝑦 , 𝑦 + 𝑣 𝑥, 𝑦 , 𝑡)

• Linearize the right-hand side using Taylor expansion:

𝐼 𝑥, 𝑦, 𝑡 − 1 ≈ 𝐼 𝑥, 𝑦, 𝑡 + 𝐼-𝑢(𝑥, 𝑦) + 𝐼.𝑣(𝑥, 𝑦)
𝐼-𝑢 𝑥, 𝑦 + 𝐼.𝑣 𝑥, 𝑦 + 𝐼 𝑥, 𝑦, 𝑡 − 𝐼 𝑥, 𝑦, 𝑡 − 1 = 0

• Hence, 𝐼-𝑢 𝑥, 𝑦 + 𝐼.𝑣 𝑥, 𝑦 + 𝐼/ = 0

What could this be?

B. K. P. Horn and B. Schunck. Determining optical flow. Artificial Intelligence, 1981

http://image.diku.dk/imagecanon/material/HornSchunckOptical_Flow.pdf


The brightness constancy constraint

𝐼-𝑢 𝑥, 𝑦 + 𝐼.𝑣 𝑥, 𝑦 + 𝐼/ = 0
• Given the gradients 𝐼-, 𝐼. 	and 𝐼/, can we uniquely recover the 

motion 𝑢, 𝑣 ?
• Suppose (𝑢, 𝑣)	satisfies the constraint: ∇𝐼 , 𝑢, 𝑣 + 𝐼! = 0
• Then ∇𝐼 , 𝑢 + 𝑢′, 𝑣 + 𝑣′ + 𝐼! = 0 for any 𝑢", 𝑣"  s. t. ∇𝐼 , 𝑢", 𝑣" = 0
• Interpretation: the component of the flow perpendicular to the gradient 

(i.e., parallel to the edge) cannot be recovered!

edge

(𝑢, 𝑣)

(𝑢′, 𝑣′)

∇𝐼

(𝑢 + 𝑢′, 𝑣 + 𝑣′)



The aperture problem

Perceived motion



The aperture problem

Actual motion



The barber pole illusion

http://en.wikipedia.org/wiki/Barberpole_illusion

http://en.wikipedia.org/wiki/Barberpole_illusion


The barber pole illusion

http://en.wikipedia.org/wiki/Barberpole_illusion

http://en.wikipedia.org/wiki/Barberpole_illusion
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Solving the aperture problem

𝐼-𝑢 𝑥, 𝑦 + 𝐼.𝑣 𝑥, 𝑦 + 𝐼/ = 0

• How to get more equations for a pixel?
• Spatial coherence constraint:  assume the pixel’s neighbors have 

the same (𝑢, 𝑣)
• If we have 𝑛 pixels in the neighborhood, then we can set up a linear 

least squares system:

𝐼- 𝑥0, 𝑦0 𝐼. 𝑥0, 𝑦0
⋮ ⋮

𝐼- 𝑥1 , 𝑦1 𝐼. 𝑥1 , 𝑦1

𝑢
𝑣 = −

𝐼/ 𝑥0, 𝑦0
⋮

𝐼/ 𝑥1 , 𝑦1



Estimating optical flow

𝐼- 𝑥0, 𝑦0 𝐼. 𝑥0, 𝑦0
⋮ ⋮

𝐼- 𝑥1 , 𝑦1 𝐼. 𝑥1 , 𝑦1

𝑢
𝑣 = −

𝐼/ 𝑥0, 𝑦0
⋮

𝐼/ 𝑥1 , 𝑦1

• Solution:
∑𝐼-𝐼- ∑𝐼-𝐼.
∑𝐼-𝐼. ∑𝐼.𝐼.

𝑢
𝑣 = −

∑𝐼-𝐼/
∑𝐼.𝐼/

𝐴2𝐴 𝐴2𝑏

𝐴 𝑏

What does 𝐴,𝐴	remind you of?

• When is the system solvable?

𝑑

𝑑



Recall: second moment matrix
• Estimation of optical flow is well-conditioned precisely for 

regions with high “cornerness”:

l1

l2

“Corner”
l1 and l2 are large,
 l1 ~ l2

l1 and l2 are small “Edge” 
l1 >> l2

“Edge” 
l2 >> l1

“Flat” 
region



Conditions for solvability
• “Bad” case: single straight edge



Conditions for solvability
• “Good” case



Lucas-Kanade flow
𝐼- 𝑥0, 𝑦0 𝐼. 𝑥0, 𝑦0

⋮ ⋮
𝐼- 𝑥1 , 𝑦1 𝐼. 𝑥1 , 𝑦1

𝑢
𝑣 = −

𝐼/ 𝑥0, 𝑦0
⋮

𝐼/ 𝑥1 , 𝑦1

• Solution is given by 𝑑 = 𝐴2𝐴 30𝐴2𝑏
• Lucas-Kanade flow: 

• Find (𝑢, 𝑣) minimizing ∑- 𝐼 𝑥- + 𝑢, 𝑦- + 𝑣, 𝑡 − 𝐼 𝑥- , 𝑦- , 𝑡 − 1
., 

use Taylor approximation of 𝐼 𝑥- + 𝑢, 𝑦- + 𝑣, 𝑡 	for small shifts (𝑢, 𝑣) 
to obtain closed-form solution

𝐴 𝑏

B. Lucas and T. Kanade. An iterative image registration technique with an application to stereo vision. 
In Proceedings of the International Joint Conference on Artificial Intelligence, pp. 674–679, 1981

𝑑

http://www.ri.cmu.edu/pub_files/pub3/lucas_bruce_d_1981_1/lucas_bruce_d_1981_1.pdf


Lucas-Kanade flow example

Input frames Output

Source: MATLAB Central File Exchange

https://www.mathworks.com/matlabcentral/fileexchange/48744-lucas-kanade-tutorial-example-1


Outline
• Motion: motivation
• Motion field and optical flow definition
• Brightness constancy constraint, aperture problem
• Estimating optical flow (Lucas-Kanade)
• Beyond basic flow estimation



When does Lucas-Kanade fail?
• The motion is large (larger than a pixel)
• A point does not move like its neighbors
• Brightness constancy does not hold



Fixing the errors in Lucas-Kanade
• The motion is large 
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• The motion is large 

• Multi-resolution estimation, iterative refinement



Fixing the errors in Lucas-Kanade
• The motion is large (larger than a pixel)
• A point does not move like its neighbors

• Motion segmentation

J. Wang and E. Adelson. Representing Moving Images with Layers. IEEE Transactions 
on Image Processing, 1994

http://persci.mit.edu/pub_pdfs/wang_tr279.pdf


Fixing the errors in Lucas-Kanade
• The motion is large (larger than a pixel)
• A point does not move like its neighbors
• Brightness constancy does not hold

• Feature matching (e.g., SIFT) or tracking



Shi-Tomasi feature tracker
• Find good features using eigenvalues of second-moment 

matrix
• Key idea: “good” features to track are the ones whose motion can be 

estimated reliably
• From frame to frame, track with Lucas-Kanade

• This amounts to assuming a translation model for frame-to-frame 
feature movement

• Check consistency of tracks by affine registration to the first 
observed instance of the feature
• Affine model is more accurate for larger displacements
• Comparing to the first frame helps to minimize drift

J. Shi and C. Tomasi. Good Features to Track. CVPR 1994. 

http://www.ces.clemson.edu/~stb/klt/shi-tomasi-good-features-cvpr1994.pdf


Tracking example

J. Shi and C. Tomasi. Good Features to Track. CVPR 1994. 

http://www.ces.clemson.edu/~stb/klt/shi-tomasi-good-features-cvpr1994.pdf
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• Motion: motivation
• Motion field and optical flow definition
• Brightness constancy constraint, aperture problem
• Lucas-Kanade flow estimation
• Beyond basic flow estimation
• Current approaches, applications



State-of-the-art optical flow estimation
• Current best methods are learned (often on synthetic data)

A. Dosovitskiy et al. FlowNet: Learning Optical Flow with Convolutional Networks. ICCV 2015

https://openaccess.thecvf.com/content_iccv_2015/papers/Dosovitskiy_FlowNet_Learning_Optical_ICCV_2015_paper.pdf


State-of-the-art optical flow estimation
• Current best methods are learned (often on synthetic data)

A. Dosovitskiy et al. FlowNet: Learning Optical Flow with Convolutional Networks. ICCV 2015

Synthetic dataset: Flying Chairs

https://openaccess.thecvf.com/content_iccv_2015/papers/Dosovitskiy_FlowNet_Learning_Optical_ICCV_2015_paper.pdf


State-of-the-art optical flow estimation
• Current best methods are learned (often on synthetic data)

Z. Teed and J. Deng. RAFT: Recurrent All-Pairs Field Transforms for Optical Flow. ECCV 2020 (Best Paper Award)

https://arxiv.org/pdf/2003.12039.pdf


Motion magnification
Idea: take flow, magnify it

C. Liu et al. Motion Magnification. SIGGRAPH 2005
Source: D. Fouhey and J. Johnson

http://people.csail.mit.edu/celiu/motionmag/motionmag.html
https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_lecture19.pptx


Motion magnification

Source: D. Fouhey and J. Johnson
C. Liu et al. Motion Magnification. SIGGRAPH 2005

https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_lecture19.pptx
http://people.csail.mit.edu/celiu/motionmag/motionmag.html


Motion magnification

Source: D. Fouhey and J. Johnson
C. Liu et al. Motion Magnification. SIGGRAPH 2005

https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_lecture19.pptx
http://people.csail.mit.edu/celiu/motionmag/motionmag.html


Motion magnification

Source: D. Fouhey and J. Johnson
C. Liu et al. Motion Magnification. SIGGRAPH 2005

https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_lecture19.pptx
http://people.csail.mit.edu/celiu/motionmag/motionmag.html


Motion magnification

H. Wu et al. Eulerian Video Magnification for Revealing Subtle Changes in the World. SIGGRAPH 2012
Video 

http://people.csail.mit.edu/mrub/papers/vidmag.pdf
https://www.youtube.com/watch?v=ONZcjs1Pjmk


Motion magnification

H. Wu et al. Eulerian Video Magnification for Revealing Subtle Changes in the World. SIGGRAPH 2012
Video 

http://people.csail.mit.edu/mrub/papers/vidmag.pdf
https://www.youtube.com/watch?v=ONZcjs1Pjmk


Activity recognition
• Optical Flow is commonly used as an input feature for video 

classification with CNNs

K. Simonyan and A. Zisserman. Two-Stream Convolutional Networks for Action Recognition in Videos. NeurIPS 2014

Source: D. Fouhey and J. Johnson

https://proceedings.neurips.cc/paper/2014/file/00ec53c4682d36f5c4359f4ae7bd7ba1-Paper.pdf
https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_lecture19.pptx

