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Prof. Robert West
Machine Learning – CS-433 - MA
15.01.2026 from 15h15 to 18h15 in STCC
Duration: 180 minutes

1
Student 1

SCIPER : 999999

Wait for the start of the exam before turning to the next page. This document is printed
double sided, 20 pages. Do not unstaple.

• This is a closed book exam. No electronic devices of any kind.

• Place on your desk: your student ID, writing utensils, one double-sided A4 page cheat sheet if you
have one; place all other personal items below your desk or on the side.

• You each have a different exam.

• This exam has many questions. We do not expect you to solve all of them even for the best grade

• Only answers in this booklet count. No extra loose answer sheets. You can use the last two pages
as scrap paper.

• For the multiple choice questions, we give +2 points if your answer is correct, and 0 points for
incorrect or no answer.

• For the true/false questions, we give +1.5 points if your answer is correct, and 0 points for incorrect
or no answer.

• Use a black or dark blue ballpen and clearly erase with correction fluid if necessary.

• If a question turns out to be wrong or ambiguous, we may decide to nullify it.

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question 1 Which of the following classification methods is non-parametric?

Logistic Regression

Linear decision boundaries

Support Vector Machines

Neural Networks

K-Nearest Neighbors

Question 2 Consider the following one-dimensional logistic model on the data:

P(y = 1|x;w) = σ(w · x) = 1

1 + e−wx
.

Assuming that the data is independent of the choice of w, what is the maximum likelihood estimate for w

given observations (x1, y1) = (1, 1) and (x2, y2) = (−1, 1)?

w = 0.5

w = 1

w = 0

w = −1

w = −0.5

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 3 Consider a binary classification problem where the observed feature X ∈ {0, 1, 2} is generated
from a latent variable Z ∈ {A,B}. The label is Y ∈ {0, 1}. The generative process is as follows:

(a) The latent variable Z is drawn according to

P(Z = A) = 0.5, P(Z = B) = 0.5.

(b) Conditional on Z, the label Y is drawn as

P(Y = 1 | Z = A) = 0.75, P(Y = 1 | Z = B) = 0.25.

(c) Conditional on (Y,Z), the observed feature X is drawn according to

P(X = x | Y = y, Z = z) = θx,y,z,

where the parameters are given in the table below:

(y, z) X = 0 X = 1 X = 2

(0, A) 0.5 0.25 0.25

(1, A) 0.25 0.5 0.25

(0, B) 0.5 0.25 0.25

(1, B) 0.25 0.25 0.5

Let f⋆(x) be the Bayes classifier given the observation X and g⋆(x, z) be the Bayes classifier given the
observation X and the latent Z. Which of the following statement is FALSE?

P(Y = 1 | X = 1) =
7

11

For any x ∈ {0, 1, 2} and z ∈ {A,B}, f⋆(x) = g⋆(x, z).

P(Y = 0 | X = 0) =
2

3

f⋆(2) = 1

Question 4 (Loss Function) Suppose that the teaching team of the ML course wants to develop an
autograder that takes into account the scores for each project, and frequency of class attendance and predict
student performance on this final (between 0 and 100). Which of the following functions is an appropriate
loss function for this problem?

Mean Absolute Error Loss

Logistic Loss

Hinge Loss

0-1 Loss

Question 5 (Gradient of Linear MSE) Consider a linear regression model y = Xw, with the mean squared
error loss function:

L(w) =
1

2N

N∑
n=1

(yn − x⊤
nw)

2

, Which of the following expressions correctly represents the gradient of L(w) with respect to w?

1
NX(y −Xw)

1
NX⊤(y −Xw)

− 1
NX⊤(y −Xw)

X⊤Xw −X⊤y

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 6 (Computational Complexity of the Hessian) Consider a linear regression problem with N

training samples and D parameters, and the mean squared error loss

L(w) =
1

2N

N∑
n=1

(yn − x⊤
nw)

2.

The Hessian matrix ∇2L(w) contains all second derivatives of L(w) with respect to the parameters.
What is the computational complexity (in big-O notation) of computing the Hessian matrix using standard
matrix multiplication?

O(ND)

O(ND2)

O(N2D)

O(D2)

Question 7 (Ridge Regression and High Dimensionality) Consider the linear regression model y = Xw+ ε

with X ∈ Rn×d. As the ratio d/n approaches 1, and especially when d > n, which of the following statements
are correct? (Select all that apply.)

Ridge regression suffers from the same non-invertibility issue as OLS and provides no improvement.

Adding ridge regularization λ∥w∥22 ensures that X⊤X + λI is invertible, even when d > n.

Ordinary least squares (OLS) can still compute a unique solution because X⊤X remains invertible.

When d > n, the matrix X⊤X becomes singular and the OLS admits no solutions

Question 8 (Least Squares Orthogonal Design Matrix) Consider the least-squares estimator

w⋆ = (X⊤X)−1X⊤y,

where X ∈ Rn×d and y ∈ Rn. Assume that n = d and that all feature vectors are orthogonal, i.e.

X⊤X = cId

for some constant c > 0. Let xm denote a test point.
Which of the following statements are correct? (Select all that apply.)

Each weight wj depends only on the corresponding training output along its coordinate direction.

The solution simplifies to w⋆ = 1
cX

⊤y, which can be seen as an orthogonal decomposition.

For any test point xm, the prediction is ŷm = 1
c x

⊤
mX⊤y.

The Gram matrix X⊤X is invertible, and its inverse is (1/c)Id.

Each weight wj depends on all training outputs yi.

Question 9 (SVM) Which of the following is NOT an advantage of SVMs?

Effective in high-dimensional spaces

Naturally outputs probabilities for each class

Robust to overfitting (with proper kernel and regularization)

Memory efficient when number of support vectors is small

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 10 (L1-SVM) Standard soft SVM has the following optimization problem (C is a constant):

min
w

1

2
∥w∥22 + C

n∑
i=1

max(0, 1− yi(X
⊤
i w))

Now if we replace the L2 regularization term with L1 regularization, i.e.,

min
w

1

2
∥w∥1 + C

n∑
i=1

max(0, 1− yi(X
⊤
i w))

Which of the following statements is NOT true for L1-SVMs?

L1-SVM is no longer a smooth optimization problem.

The dual problem of the L1-SVM can be easily expressed in terms of kernel functions.

L1-SVM remains a convex problem, which is still globally solvable.

L1-SVM can perform feature selection by driving some weights to zero.

Question 11 (Receptive Field) Consider a 1D sequence X ∈ RT×1 of length T . Assume T is even, and
T > 100. What is the receptive field of the output at position Y [T/2]?
Assume the 1D sequence is processed as follows: Y = f ◦ g ◦ h(X) (first apply h, then g, then f).

• h is a 1D convolution with kernel size 3, padding 1, and stride 1

• g is a self-attention layer attn(X,X,X, 1)

• f is a 1D convolution with kernel size 5, padding 2, and stride 2

As a reminder, the self-attention operation is given by

attn(Q,K, V, d) = row-wise-softmax
(
QK⊤
√
d

)
V.

T/2

T

5

7

9

3

Question 12 (Regularization) Regularization usually refers to techniques used to reduce overfitting.
Which of the following should not be considered a regularization method?

Horizontal flip (images)

Adam

Weight decay

Dropout

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 13 (Forward Pass Complexity) Consider the following layer operation: Y = [σ(XW1) ⊙
σ(XW2)]W3, where:

• X ∈ Rn×K

• W1,W2 ∈ RK×H1

• W3 ∈ RH1×H2

• σ(·) is an element-wise activation function

• ⊙ denotes point-wise multiplication (think * in numpy)

How many scalar multiplications are needed to implement the forward pass of this layer?

2nKH1 + nH1 +H1H2

2nKH1 + nH1 + nH1H2

2nKH1 + nH1H2

nKH1 + nH1 + nH1H2

2nKH1 + nK + nH1H2

Question 14 (Attention) Recall that the output of self-attention is given by the following formula:

Z = f(X) = softmax

(
XWQW

⊤
KX⊤

√
dk

)
XWV ,

where X ∈ Rn×d,WQ ∈ Rd×dk ,WK ∈ Rd×dk ,WV ∈ Rd×d are the data, query, key, and value matrices,
respectively. Here, d is the dimensionality of the tokens, dk is the hidden dimensionality, n is the sequence
length. The softmax is applied row-wise. Additionally, the dimensions satisfy dk < d < n.
Let R ∈ {0, 1}n×n be a permutation matrix, i.e, it satisfies R⊤R = RR⊤ = In. Consider the reordered
input tokens X ′ = RX. Which of the following mathematical statements correctly describes the relationship
between the new output Z ′ = f(X ′) and the original output Z?

Z ′ ̸= RZ and Z ′ ̸= Z

Z ′ = RZ

Z ′ = ZR⊤

Z ′ = Z

Question 15 In a decoder-only model, the model must be prevented from "cheating" by seeing future
words. This is enforced mathematically by adding a causal mask matrix M ∈ Rn×n to the self-attention
operation of above:

Z = f(X) = softmax

(
XWQW

⊤
KX⊤ +M√
dk

)
XWV ,

Which is the correct definition of the matrix M?

Mij = Mji for all i, j.

Mij = −∞ if j < i and Mij = 0 otherwise.

Mij = −∞ if j > i and Mij = 0 otherwise.

Mij = −∞ if i ̸= j and Mij = 0 otherwise.

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 16 Which of the following statements is TRUE about the influence of the causal mask matrix
M on the complexity of the self-attention operation, expressed in terms of the sequence length n?

It keeps the complexity of the self-attention operation at O(n).

It reduces the complexity of the self-attention operation from O(n2) to O(n).

It keeps the complexity of the self-attention operation at O(n2).

It increases the complexity of the self-attention operation from O(n) to O(n2).

Question 17 (Adversarial Risk) Consider the definition of adversarial risk:

Rε(f) = E(x,y)∼D

[
max

x̂,∥x̂−x∥≤ε
1f(x̂)̸=y

]
,

which changes from the standard risk R(f) = E(x,y)∼D
[
1f(x)̸=y

]
by considering the worst-case perturbation

within an ε-ball.
Which of the following statements is TRUE?

If R(f) = 0 (zero standard risk), then Rε(f) = 0 necessarily.

Rε(f) ≥ R(f) always holds for any ε > 0.

Adversarial risk is independent of the choice of norm used to measure ∥x̂−X∥.

The adversarial risk is independent of the data distribution D.

Question 18 (Fairness) A bank is training a machine learning model to predict creditworthiness (Y ∈
{0, 1}). The dataset contains a sensitive attribute A (e.g., race) and several other features X (e.g., income,
zip code, profession). The engineers decide to remove the column A from the training data to ensure the
model cannot discriminate based on race.
Which of the following statements best describes the effectiveness of this strategy?

This strategy is effective because the model cannot learn a correlation with A if A is not in the input.

This strategy is ineffective because it causes the model to overfit to the minority class.

This strategy is ineffective because the remaining features X are likely to be correlated with A in a
way that allow the model to make a decision based on A.

This strategy is effective, provided that the dataset is balanced (equal number of samples from all
groups).

Question 19 (K-means) Given a dataset D = {x1, . . . ,xn} with xi ∈ Rd, the K-means problem aims to
find the optimal cluster centers C∗ = {µ1, . . . ,µK} given by

C∗ = arg min
C={µ1,...,µK}

R(C) where R(C) =
∑
xi∈D

min
zi

∥xi − µzi∥
2
2,

where zi ∈ {1, . . . ,K} with K ≥ 2 indicates the cluster assigned to data point xi. In this problem, we
consider the K-means algorithm (also known as Lloyd’s algorithm) you covered in class as an approach for
solving the K-means problem. Assume that the K-means algorithm terminates once R(C) did not improve
for one iteration.
To determine a good choice of K, we run K-means for K ∈ {2, . . . , n}. What trend do we expect to find as
we increase K?

R(C∗) initially increases and then decreases.

R(C∗) decreases.

R(C∗) initially decreases and then increases.

R(C∗) increases.

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 20 (EM) Which of the following statements about the Expectation-Maximization (EM)
algorithm is FALSE?

An EM algorithm can also be used to fit GMMs in the semi-supervised setting, where some data points
are labeled and some are unlabeled.

The log-likelihood of the observed data increases (or stays constant) monotonically with each iteration
of the soft EM algorithm.

The objective function (log-likelihood) for Gaussian Mixture Models is generally non-convex, meaning
EM may converge to a local optimum.

For fitting GMMs to data with a lot of overlapping clusters, hard EM typically performs better than
soft EM.

Question 21 (Matrix Factorization) Consider a recommender system problem where we aim to approx-
imate a rating matrix X ∈ RD×N (where D is the number of items and N is the number of users) using
two low-rank factor matrices W ∈ RD×K and Z ∈ RN×K . The goal is to minimize the following regularized
objective function over the set of observed entries Ω:

min
W,Z

L(W,Z) :=
1

2

∑
(d,n)∈Ω

[xdn − (WZ⊤)dn]
2 +

λw

2
∥W∥2F +

λz

2
∥Z∥2F

Which of the following statements accurately describes the Alternating Least-Squares (ALS) algorithm
for solving this problem?

The ALS algorithm updates both matrices W and Z simultaneously using the gradients ∇WL and
∇ZL to find the global minimum of the jointly convex objective.

The ALS algorithm exploits the fact that if we fix one matrix (e.g., Z), the optimization problem with
respect to the other matrix (e.g., W ) becomes a convex quadratic (Least Squares) problem with a
closed-form solution.

The ALS algorithm is strictly limited to cases where the matrix X is fully observed (i.e., there are no
missing ratings), as the closed-form updates cannot be derived for sparse matrices.

The ALS algorithm is a specific type of Stochastic Gradient Descent (SGD) that updates the parameters
based on the error of a single randomly selected rating (d, n) at each step.

Question 22 (3D Parallelism) You are training an LLM on EPFL’s RCP cluster with Ntotal = 512

GPUs. Your configuration uses NTP = 8 (Tensor Parallelism) and NPP = 4 (Pipeline Parallelism). If you
accumulate A = 32 micro-batches and the per-device micro-batch size is Bmicro = 2. what is the Global
Batch Size (Bglobal) for a single optimization step?

Bglobal = 128

Bglobal = 2048

Bglobal = 32768

Bglobal = 1024

Bglobal = 512

Question 23 (FastText) Consider a simplified FastText model with embedding dimension K = 1. The
score is given by s = w(z⊤xn), where xn is the bag-of-words vector. Let gA and gB be the gradients of the
loss w.r.t. z for two sentences. Assuming w ̸= 0 and non-zero error, ⟨gA,gB⟩ = 0 if and only if:

The sentences share no common words.

The parameter vector z is zero.

The sentences have the same length.

The sentences are identical.

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 24 (Cross-Validation) A student is trying to perform model selection for a ridge regression
model. They want to choose the best hyperparameter λ from a set of N = 5 different candidate values
{λ1, λ2, λ3, λ4, λ5}. To evaluate these candidates, they decide to use the K-fold cross-validation procedure,
setting K = 5. To find the best λ, what is the total number of times the learning algorithm must be
trained?

25

1

5

10

Question 25 (Bias-Variance Decomposition) Which of the following statements correctly describes the
bias, variance, and noise components in the bias-variance decomposition?

A highly complex model (e.g., a high-degree polynomial) has high Bias because it "overfits" the data,
and low Variance because it fits the training points well.

Bias measures a variability of a model’s prediction when trained on different datasets from the same
distribution.

The Noise term, represents the irreducible error, and is the only component that does not depend on
the choice of the learning algorithm or model complexity.

The Variance term, measures the difference between the true function f(x) and the average prediction
ES [fS(x)] over all possible training sets.

Question 26 (Kernel Methods)

Which of the following functions is a valid positive-semidefinite kernel on Rn?

k(x, y) = −∥x− y∥2

k(x, y) = |x⊤y|

k(x, y) = −x⊤y

k(x, y) = 1− x⊤y

k(x, y) = (1 + x⊤y)2

Question 27 (ReLU Networks) You are designing a neural network with a single hidden layer using ReLU
activations, denoted as (z)+ = max{0, z}. The network must exactly represent a piecewise linear function
f(x) defined by the following slopes:

• For x < 2: the slope is 0 (and f(x) = 0).

• For 2 ≤ x < 5: the slope is 3.

• For x ≥ 5: the slope is −1.

Which of the following expressions correctly implements this function?

3(x− 2)+ + 4(x− 5)+

3(x+ 2)+ − 4(x+ 5)+

3(x− 2)+ − 4(x− 5)+

3(x− 2)+ − 1(x− 5)+

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 28 (GANs) Recall that in a Generative Adversarial Network (GAN), the generator G and
discriminator D play a minimax game defined by the function

L(D,G) = Ex∼pdata [logD(x)] + Ez∼pz
[log(1−D(G(z)))]

=

∫
x

pdata(x) logD(x) dx+

∫
z

pz(z) log(1−D(G(z))) dz

=

∫
x

pdata(x) logD(x) + pg(x) log(1−D(x)) dx,

where pdata is the data distribution, pz is the noise distribution, and pg is the distribution induced by the
generator G. Let us fix the generator G and consider the optimal discriminator D∗ that maximizes L(D,G)

for this fixed G. Assuming pdata(x) and pg(x) are nonzero for every x, which of the following expressions
correctly represents D∗(x)?

pg(x)
pdata(x)+pg(x)

1
2

pdata(x)
pdata(x)+pg(x)

pdata(x)
pdata(x)−pg(x)

pdata(x)
pg(x)

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Second part: true/false questions

For each question, mark the box (without erasing) TRUE if the statement is always true and the box
FALSE if it is not always true (i.e., it is sometimes false).

Question 29 (Fairness) In non-degenerate cases, where the sensitive attribute A is correlated with
the target variable Y , it is possible to simultaneously satisfy the independence, separation, and sufficiency
criteria.

FALSE TRUE

Question 30 (BERT) BERT is trained using a causal Next Token Prediction objective, similar to GPT
models, but unlike GPT models, also optimizes a Next Sentence Prediction objective.

True False

Question 31 (Stochastic Gradient Descent) The stochastic gradient used in SGD is a noisy but unbiased
estimate of the full gradient.

TRUE FALSE

Question 32 (Projection Matrix in Least Squares) In ordinary least squares, the fitted values are given
by

ŷ = X(X⊤X)−1X⊤y = Py,

where P = X(X⊤X)−1X⊤ is the projection matrix onto the column space of X. The projection matrix P

satisfies P 2 = P for any full-rank design matrix X.

TRUE FALSE

Question 33 (Bias-Variance Decomposition) When tuning the parameter K in the K-Nearest Neighbors
model, if we observe that the model is underfitting (i.e., it is in the ‘High Bias’ region of the complexity
curve), the correct action to increase model complexity is to increase the hyperparameter k.

TRUE FALSE

Question 34 (SVM) The cost of training a kernel SVM scales up linearly with the dimensionality of the
input features.

FALSE TRUE

Question 35 (Kernel Methods) Let κ1(x, x
′) and κ2(x, x

′) be two valid kernel functions. The function
defined by their difference, κ(x, x′) = κ1(x, x

′)− κ2(x, x
′), is guaranteed to be a valid kernel function.

TRUE FALSE

Question 36 (Diffusion) In Denoising Score Matching for Diffusion Models, minimizing the error in
predicting the added noise ξt at time-step t is equivalent to matching the score function ∇x log pt(x).

False True

Question 37 (Optimization) The Hessian of the Mean Squared Error (MSE) loss in linear regression is
constant with respect to w.

TRUE FALSE

Question 38 (Nearest Neighbors) The computational cost of KNN training increases with dataset size.

FALSE TRUE

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Question 39 (LLMs) During the inference phase of In-Context Learning, the model’s parameters θ are
updated to minimize the loss.

FALSE TRUE

Question 40 (Linear Regression) Adding a new feature to a linear regression model can never increase
the training mean squared error.

TRUE FALSE

Question 41 (K-means-PCA) Both the PCA and the k-means problems can be formulated as

min
W,z1,...,zn

n∑
i=1

∥Wzi − xi∥22,

albeit, with different constraints on the matrix W and vectors z1, . . . , zn.

TRUE FALSE

Question 42 (EM) For Gaussian Mixture Models, the estimated cluster centers at convergence of the
EM algorithm are independent of the initialization of the cluster centers.

FALSE TRUE

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Third part, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Answer in the space provided! Your answer must be justified with all steps. Leave the check-boxes empty,
they are used for the grading.

1 Ridge Regression

Question 43: (3 points.) (Bias of Ridge Regression)
Consider the ridge regression objective:

Lλ(w) =
1

2N

N∑
n=1

(yn − x⊤
nw)

2 +
λ

2
∥w∥22,

.
Assume the data are generated according to the linear model

y = Xw∗ + ε, with ε ∼ N (0, σ2IN ).

Answer the following:

(a) Derive the closed-form expression for the ridge estimator ŵλ = argminw Lλ(w).

(b) Show that the ridge estimator is biased, i.e. E[ŵλ] ̸= w∗. Derive the expression for E[ŵλ] and
identify the bias term explicitly.

0 1 2 3

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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2 Optimization with Momentum

Question 44: (3 points.) (Variance Reduction by Momentum)

Consider the stochastic gradient descent (SGD) with momentum updates:

mt+1 = βmt + (1− β)gt, wt+1 = wt − γmt+1,

where 0 ≤ β < 1, γ > 0, and gt denotes the stochastic gradient at step t.
Assume that the random gradients {gt} are i.i.d. samples of a random variable g satisfying

E[g] = µ, Var[g] = σ2.

Answer the following:

(a) Derive the unrolled expression of mt+1 as a function of all past gradients {gt, gt−1, . . . , g0}.

(b) Using the independence of the gradients, express Var[mt+1] in terms of Var[g], β, and t.

(c) Show that, in the steady-state limit t → ∞,

Var[mt] =
1− β

1 + β
Var[g].

Briefly interpret this result: how does momentum affect the variance of the gradient estimates?

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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3 Maximum Likelihood Estimator

Question 45: (3 points.) (MLE)

Let X be a random variable following a uniform distribution on the interval [0, θ], denoted as X ∼
U(0, θ), where θ > 0 is an unknown parameter. The probability density function (PDF) is given by:

f(x; θ) =

{
1
θ if 0 ≤ x ≤ θ

0 otherwise

You observe a dataset D = {1, 3, 6, 3, 4} consisting of n = 5 independent and identically distributed
(i.i.d.) samples.

(a) Write down the likelihood function L(θ;D) for the parameter θ given the observed data. Be
precise regarding the constraints on θ.

(b) Derive the Maximum Likelihood Estimator (MLE) θ̂MLE for general data points x1, . . . , xn. Ex-
plain why the standard method of setting the derivative of the log-likelihood to zero does not
apply here.

(c) Calculate the specific numerical value of θ̂MLE for the dataset D.

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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4 Expectation Maximization Algorithm

Question 46: (8 points.) (EM for Light Bulbs)

We use the (soft) Expectation Maximization (EM) algorithm to compute a Maximum Likelihood
Estimator (MLE) for the average lifetime of light bulbs. PDF is given by: p(x|θ) = 1

θ e
− x

θ ).

We test N + M independent light bulbs in two independent experiments. We test the first N light
bulbs and observe their exact lifetimes. Let Y = (Y1, . . . , YN ) denote these lifetimes. We test the
remaining M bulbs, but we only check them at a fixed time t > 0. Let X = (X1, . . . , XM ) be the
observations, where Xj = 1 if the bulb was still working at time t (censored), and Xj = 0 if it had
already expired. Let Z = (Z1, . . . , ZM ) denote the unobserved exact lifetimes of these bulbs.

(a) (2 points) Write down the complete-data log-likelihood log p(X,Y, Z|θ).
(b) (2 points) In the E-step, we compute the expected lifetime of a bulb that is still working at time

t. Calculate E1(θ
′) ≜ E[Zj |Xj = 1, θ′].

(c) (2 points) In the E-step, we also compute the expected lifetime of a bulb that has already expired
by time t. Calculate E0(θ

′) ≜ E[Zj |Xj = 0, θ′].
(d) (2 points) Define k =

∑M
j=1 I{Xj=1} as the number of working bulbs in the second experiment.

Write down the expected complete data log-likelihood function Q(θ, θ′) ≜ EZ [log p(X,Y, Z|θ)|X,Y, θ′].
express your answer using N,M, k,E1(θ

′), and E0(θ
′).y For your examination, preferably print documents compiled from auto-

multiple-choice.
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0 1 2 3

5 Backpropagation

Question 47: (7 points.) Let x = (x1, x2, . . . , xd)
⊤ ∈ Rd denote a non-constant d-dimensional input vector.

We consider a neural network with Layer Normalization (LayerNorm) as the first layer, followed by a
differentiable function h : Rd → Rk, and finally a scalar loss function ℓ : Rk → R. The overall mapping
is

L(x) = ℓ
(
h(LN(x))

)
∈ R,

where LN represents the LayerNorm transformation with learnable parameters γ, β ∈ Rd, computed as

LN(x)i = γi
xi − µ(x)

σ(x)
+ βi, i ∈ {1, . . . , d}.

where

µ(x) =
1

d

d∑
i=1

xi, v(x) =
1

d

d∑
i=1

(xi − µ(x))2, σ(x) =
√
v(x)

denote the empirical mean, variance and standard deviation of x.

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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• Forward pass (1 point): Let z = ax+ b, where a > 0, a ∈ R, b ∈ R. Show that LN(x) = LN(z).

• Backward pass (2 points): Find the analytical expressions for ∂L(x)
∂γ and ∂L(x)

∂β , assuming you

are given δi =
∂L(x)
∂yi

, where y = LN(x). Your final answer must be written in terms of δ, x, γ, β,
where δ = (δ1, . . . , δd)

⊤.

• Gradient after scaling (2 points): Still assuming that z = ax+ b with a > 0. Write down the
gradients ∂L(z)

∂β and ∂L(z)
∂γ when z is the input, in terms of ∂L(x)

∂β and ∂L(x)
∂γ , the gradients when x

is the input. How do these gradient relate to each other?

• Relationship between gradients (1 point): Let gx = ∂L(x)
∂x denote the gradient of the loss

with respect to the input x, and let gz = ∂L(z)
∂z denote the gradient with respect to z. Using

previous results, check whether these two gradients are equal, and if not, whether they can be
expressed in terms of each other.

• Orthogonality (1 point): We found that L(ax) = L(x), for a > 0. Let gw = ∂L(w)
∂w denote

the gradient of the loss with respect to w, an arbitrary input. Show that gw is orthogonal to w.
Equivalently, show that the dot product w⊤gw = 0. Hint: define g(a) = L(aw) and differentiate
with respect to a. How does g look on a plot? Note: this property holds for any differentiable
function such that L(ax) = L(x), not only in this exam question.

0 1 2 3

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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6 Post-training & Alignment

Question 48: (3 points.) In the Proximal Policy Optimization (PPO) algorithm used for Reinforcement
Learning from Human Feedback (RLHF), we typically optimize the following objective function:

argmax
θ

Exprompt∼D,x∼π̂θ

[
πθ(x|xprompt)

π̂θ(x|xprompt)
Rϕ(xprompt, x)− β ·DKL(π̂θ(x|xprompt)||πθ(x|xprompt))

]
where π̂θ denotes the old policy used to collect the data, and πθ is the current policy being optimized.

(a) Explain the role of the ratio πθ(x|xprompt)
π̂θ(x|xprompt)

and why it’s necessary.

(b) Explain what the KL-Divergence measures and why it’s necessary.

(c) Describe what happens to the optimization behavior when β is too small versus too large, and
explain why finding the right balance is crucial for successful RLHF.

0 1 2 3

7 Bias-Variance Decomposition

Question 49: (2 points.) (Bias Variance Decomposition)

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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Consider a regression problem where the true underlying function is given by:

f(x) = 3x2

We have a learning algorithm that generates a prediction model based on a single training example.
The training process is defined as follows:

• A single training point, xtrain, is sampled from a Uniform distribution over the interval [0, 1].

• The label is observed without noise, such that ytrain = f(xtrain).

• The learning algorithm produces a model f̂(x) that acts as a constant predictor, meaning it
predicts the value of the observed label for all future inputs. Formally:

f̂(x) = ytrain = 3(xtrain)
2

Based on the definition of the prediction model, answer the following questions for the specific query
point x0 = 0.5:

(a) (1 point) Calculate the Bias of the prediction model.

(b) (1 point) Calculate the Variance of the prediction model.

0 1 2 3

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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8 ReLU Network and Symmetric Initialization

Question 50: (5 points.) (Affine form at symmetric initialization)

Let σ : Rn → Rn be the componentwise ReLU,

σ(x)i = max(0, xi).

Let
f(z) = Wfz + bf , g(z) = Wgz + bg

be affine maps with Wf ,Wg ∈ Rm×n and bf , bg ∈ Rm. Define

h(x) = f
(
σ(x)

)
+ g

(
− σ(−x)

)
, x ∈ Rn.

Assume symmetric initialization Wf = Wg =: W and bf = bg =: b.

Task. Prove from first principles that h is an affine function of x; i.e. show that there exist Weff ∈
Rm×n and beff ∈ Rm such that for all x ∈ Rn,

h(x) = Weffx+ beff .

Prove any scalar identity you need from first principles. (5 points)

0 1 2 3

y For your examination, preferably print documents compiled from auto-
multiple-choice.
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9 Diffusion Models

Question 51: (4 points.) (Forward Process Marginals) Consider a Diffusion Probabilistic Model. The
forward process is defined as a Markov chain where noise is gradually added to the data X0 ∼ p0.The
transition kernel at step t is given by:

p(Xt|Xt−1) = N (Xt;
√
αtXt−1, (1− αt)I),

where αt ∈ (0, 1) and I is the d−dimensional identity matrix. Let ᾱt =
∏t

s=1 αs. By reparametrizing
the random variables Xt as sums of independent scaled standard Gaussians, derive a closed-form
expression for the marginal distribution p(Xt|X0).

0 1 2 3 4

y For your examination, preferably print documents compiled from auto-
multiple-choice.

y
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y For your examination, preferably print documents compiled from auto-
multiple-choice.
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